MATH 5333: MODEL EXAMPLE ON JORDAN NORMAL (CANONICAL) FORM

Find the Jordan normal form, J, of the map T € L(F") defined by T(v) = Av, for all v € F7,
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Solution

0 and find a basis of generalized eigenvectors, and find an

0

o |, invertible matrix P such that J = P~'AP (P is called the
-2

-5 transition matrix), and find the minimal polynomial of T

FIND THE EIGENVALUES OF T

7oA -1
9 1-2A
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Wehave A-M\l =
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0 0 0 0 0
0 0 0 0 0 )
7% —1 0 0 0 and we seek those A € F for which

6 2-\A 0 0 o,

0 0 9-x -1 -2 Ker(A — \I) # {0}.
0 0 9 3-\A -5

0 0 0 0 66—\

To do this, we can solve (A — Al)v = 0 for v and A, or we could, equivalently, do row operations on

A — A\l to make it upper triangular, and then use the diagonal to see for which A we have A — A\I is not

invertible (or we could compute det(A — M) = —(A — 4)3(A — 5)(A — 6)3, instead, but we’re not using

dets in this class!). Note: do NOT use row operations on A itself, as this changes T.

Whatever method you use, the eigenvalues of A are A =4, X=5 and A\ =6.

FIND THE EIGENVECTORS OF T

e To find the eigenspace corresponding to A = 4, solve (A —4l)v =0 for v.
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0 07 Notice that only 5 of the 7 columns are linearly independent, so

8 g dim(Image(A —4I)) = 5. Hence, dim(Ker(A —41I)) = 2, so this eigenspace has
,01 ,Og dim 2. Column 1 + 3 (column 2) = 0 and Column 3 + 3(column 4) = 0, so
_01 _25 v1 = (1,3,0,0,0,0,0)7 and vy = (0,0,1,3,0,0,0)7 are linearly-independent

solutions to the equation (A — 41)v = 0. Thus, Fv; @ Fu, is the eigenspace of A corresp. to A = 4.

e To find the eigenspace corresponding to A = 5, solve (A —51)v =0 for v.
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0 07 Notice that 6 of the 7 columns are linearly independent, so

0 | dim(Image(A —5I)) = 6. Hence, dim(Ker(A —5I)) = 1, so this eigenspace has
0

—1 —2| dim 1. Column 3 + 2 (column 4) = 0, so v3 = (0,0,1,2,0,0,0)7 is a solution

-2 -5
o 1] to (A—=>5Iv=0. Thus, Fus is the eigenspace of A corresponding to A = 5.

o oo
[en]

e To find the eigenspace corresponding to A = 6, solve (A —61)v =0 for v.

1 -1 0 0 0
9 -5 0 0 0
0 0 1 -1 0
A—6I =10 0 6 -4 o0
0 0 0 0 3
00 0 0 9
0 0 0 0 0
M. Vancliff

0 07 Here 6 of the 7 columns are linearly independent, so dim(Image(A — 61)) = 6.
8 8 Hence, dim(Ker(A — 61)) = 1, so this eigenspace has dim 1. We have

_01 _02 Column 5 + 3 (column 6) = 0, so vy = (0,0,0,0,1,3,0)T is a solution to
_03 _05 (A—6I)v=0. Thus, Fvy is the eigenspace of A corresponding to A = 6.
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FIND THE GENERALIZED EIGENVECTORS OF T

A=4  We must find Ker((A — 47)?) and Ker((A — 41)3) etc. If (A — 41)*w = 0, then (A — 4w €
Ker(A—41I). So, to find Ker((A—4T)?), it suffices to solve (A—4@)w = av, +bvy for somea, b € F,
not both zero. However, av, + bvy = (a, 3a, b, 3b,0,0,0)7, so the 3rd & 4th rows of A —41 = b= 0.
A little work = all solutions belong to the set X = Fv; 4+ Fuvy + a(—e3). Thus, we may choose
a =1 & w = —ey, as any other solution will be —aes plus an eigenvector; note that this choice of w
belongs to Ker((A—41)%)\ (Fv; +Fuvy). Similarly, if (A—47)3u = 0, then (A—41)u € Ker((A—41I)?).
So, to find Ker((A —47I)3), it suffices (as above) to find one solution to (A —4I@)u = w. A little work
= this equation has no solution. Hence, there is only one generalized eigenvector that is not an
eigenvector in the case that A = 4. (Alternatively, if we had used the formula for det(A — AI), then
we could have seen that the multiplicity of A = 4 is three, & this shows that there is at most one

generalized eigenvector that is not an eigenvector, & so, after finding w, we could have stopped.)

A=5  We must find Ker((A—57)?) and Ker((A —5I)?) etc. As above, we solve (A — 5I)w = vz. This
yields no solution, and so there are no generalized eigenvectors that are not eigenvectors in the case
that A = 5. (Alternatively, if we had used the formula for det(A — AI), then we could have seen
that the multiplicity of A = 5 is one, and this shows that there are no generalized eigenvectors that

are not eigenvectors.)

A=6  We must find Ker((A—617)?) and Ker((A—61)?) etc. Given that we currently have only 5 vectors
that are linearly independent (for all the As), we are expecting two more from our computations
here. As above, solve (A — 61)w = v,. This yields only one solution, namely w' = —eg. As above
(for A = 4), now solve (A — 61)u = w' & obtain v’ = (0,0,0,0,0,2, —1)7. (Alternatively, if we had
used the formula for det(A — AI), then we could have seen that the multiplicity of A\ = 6 is three,
& this shows that there are at most two linearly-independent generalized eigenvectors that are not

eigenvectors.)

We are now ready to describe the Jordan normal form, J, of A and the transition matrix P such that
J =P 1AP.

4 1,0 0 00O 1 0 000 O O

0 4/0 0 000 3 -1 000 0 O

0 0 0O 00O 0O 0 1 10 O 0
J=100 0 [5] 00 0 and  P=1|0 0 320 0 0
00 0 0 1l 10 O 0 001 O 0

00 0 0 |06 1 O 0 003 -1 2

|00 0 0 00 6] 0o 0 000 0 —1]

2 Y A N

Notice that there are 4 Jordan blocks. v w vy vz vy WU

We can now read off the minimal The order of the columns in P dictates the order of

polynomial of T" from .J: the Jordan blocks in J.
(x —4)%(z — 5)(x — 6)3.

The factor (z—\)7 is the minimal poly
of the largest Jordan A-block.

{v1,w,v9,v3,v4,w',u'} is a basis of generalized

eigenvectors for F7.
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EXAMPLE WITH JORDAN NORMAL (CANONICAL) FORM & REAL SPECTRAL THEOREM

Given the map T' € L(R*) defined by T(v) = Av, for all v € R*, where A is the symmetric matrix

9 -1 -1 1
-1 9 1 -1 . .
A= 11 9 —1l and given that 7" has eigenvalues only A = 8 and A\ = 12, find the Jordan
1 -1 -1 9
normal form, J, of T', and find an orthornormal basis of eigenvectors, and find an orthogonal matrix P

such that J = PTAP, and find the minimal polynomial of T'. (P is orthogonal means PTP = I.)

Solution

The Real Spectral Theorem tells us that 7" can be represented by a diagonal matrix involving only 8 and

12 on the diagonal. Hence, the minimal polynomial of 7" is (z — 8)(z — 12).

FIND THE EIGENVECTORS OF T
e To find the eigenspace corresponding to A = 8, solve (A —8I)v =0 for v.
1 -1 -1 1 We can see immediately that columns 1 & 2 are dependent, columns 2 & 3 are
-1 1 1 —1| dependent, and columns 3 & 4 are dependent. It follows that
-1 1 I —1| dim(Image(A — 8I)) = 1, so dim(Ker(A — 8I)) = 3. So, this eigenspace has

-1 -11 dim 3, with basis v; = (1,1,0,0)7, vy = (0,0,1,1)7 and v3 = (0,1,—1,0)T.

A—-8I=

e To find the eigenspace corresponding to A = 12, solve (A — 121)v =0 for v.

-3 -1 -1 1 Given that the eigenspace for A = 8 has dimension 3, we expect only dimension
-1 -3 1 -1
A—12] = 1 1 3 1 one for the eigenspace for A = 12. We can see that vy = (1,—1,—1,1)T is a

1 —1 —1 —3| basis for this eigenspace.

CONSTRUCT P
e Applying GSOP to the basis {v1, vy, v3} yields {%(1, 1,0,0)7, %(0,0, L%, 3(-1,1,-1,1)T}.

e Applying GSOP to the basis {vs} yields {3(1,—1,—1,1)"}.

1 1 1
sV T3 3
1 g LI _1
e Construct P from the above bases: P = | ¥ ) 21 ?
0 %5 -3 —2
o L 1 1
V2 o2 2
The set of vectors consisting of the columns of P is an orthonormal basis of R%.
8 0 0 O
i iplicati T i 080 0
One can verify, by multiplication, that P* P = I and P* AP = J, where J = C e
0 0 0 12
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